Abstract. An element a of a ring R is called quasipolar provided that there exists an idempotent p ∈ R such that p ∈ comm 2 (a), a + p ∈ U (R) and ap ∈ R qnil . A ring R is quasipolar in case every element in R is quasipolar. In this paper, we determine conditions under which subrings 
Introduction
Throughout this paper all rings are associative with identity unless otherwise stated. Following Koliha and Patricio [11] , the commutant and double commutant of an element a ∈ R are defined by comm(a) = {x ∈ R | xa = ax}, comm 2 (a) = {x ∈ R | xy = yx for all y ∈ comm(a)}, respectively. If R qnil = {a ∈ R | 1 + ax ∈ U (R) for every x ∈ comm(a)} and a ∈ R qnil , then a is said to be quasinilpotent [10] . An element a ∈ R is called quasipolar provided that there exists an idempotent p ∈ R such that p ∈ comm 2 (a), a + p ∈ U (R) and ap ∈ R qnil . A ring R is quasipolar in case every element in R is quasipolar. Properties of quasipolar rings were studied in [6, 7, 14] . Then T 3 (R) is a ring under the usual addition and multiplication, and so T 3 (R) is a subring of M 3 (R). Motivated by results in [3] and [5] , we study quasipolar subrings of 3 × 3 matrix rings over local rings. We prove that
    is quasipolar but the full matrix ring M 3 (Z (2) ) is not quasipolar.
In this paper, M n (R) and T n (R) denote the ring of all n × n matrices and the ring of all n × n upper triangular matrices over R, respectively. We write R [[x] ], U (R) and J(R) for the power series ring over a ring R, the set of all invertible elements and the Jacobson radical of R, respectively. For
A ∈ M n (R), χ(A) stands for the characteristic polynomial det(tI n − A).
Quasipolar Elements
In [12] (1) α is quasipolar in E.
(2) There exists π 2 = π ∈ E such that π ∈ comm 2 E (α), απ is a unit in πEπ and α(1 − π) is a quasinilpotent in (1 − π)E(1 − π).
(3) M = P ⊕Q, where P and Q are β-invariant for every β ∈ comm E (α), α| P is a unit in End(P ) and α| Q is a quasinilpotent in End(Q).
(4) M = P 1 ⊕ P 2 ⊕ · · · ⊕ P n for some n ≥ 1, where P i is β-invariant for every β ∈ comm E (α), α| P i is quasipolar in End(P i ) for each i.
Proof. (1) ⇒ (2) Since α is quasipolar in E, there exists an idempotent τ ∈ R such that τ ∈ comm 2 E (α), α + τ = η ∈ U (E) and ατ ∈ E qnil . Let π = 1 − τ . Clearly, π 2 = π ∈ comm 2 E (α). Note that α, π, η and τ all commute. Now,
The remaining proof is to show that
For any β ∈ comm E (α), the hypothesis π ∈ comm 2 E (α) implies that πβ = βπ. By Lemma 2.1, both P and Q are β-invariant. As in the proof [12, Theorem 3] , απ = α| P is a unit in End(P ). Let γ ∈ comm End(Q) (α| Q ). We show that 1 Q + α| Q γ is a unit in End(Q). Clearly,
(3) ⇒ (4) Suppose M = P ⊕Q as in (3) . Since α| P is a unit in End(P ), α| P is a quasipolar in End(P ) by [6, Example 2.1]. As α| Q is a quasinilpotent in End(Q), 1 Q + α| Q is a unit in End(Q). Further, 1 2
(−π j + σ j ) = −π + σ, we show that π ∈ comm 2 E (α) and απ ∈ E qnil . Since for each β ∈ comm E (α), P and Q are β-invariant. Hence, πβ = βπ by Lemma 2.1 and so π ∈ comm 2 E (α). For any β ∈ comm E (απ), we only need to show that 1 E + βαπ is an isomorphism in E. Note that β| P j ∈ comm End(P j ) (α| P j ) and 1 P j + β| P j α| P j = (π + βα)| P j . Since α| P j π j ∈ End(P j ) qnil , 1 P j + β| P j α| P j π j = (π + βπα)| P j is a unit in End(P j ). Let γ j ∈End(P j ) be such that (1 P j + β| P j α| P j π j )γ j = 1 P j = γ j (1 P j + β| P j α| P j π j ) and let m = n j=1 p j with p j ∈ P j . So (
The following result is a direct consequence of Theorem 2.2.
Corollary 2.3. Let R be a ring. The following are equivalent for a ∈ R.
(1) a ∈ R is quasipolar.
(2) There exists e 2 = e ∈ R such that e ∈ comm 2 R (a), ae ∈ U (eRe) and a(1 − e) ∈ (1 − e)R(1 − e) qnil .
The Rings T 3 (R)
For a ring R, let a ∈ R, l a : R → R and r a : R → R denote, respectively, the abelian group endomorphisms given by l a (r) = ar and r a (r) = ra for all r ∈ R. Thus, for a, b ∈ R, l a , r b is an abelian group endomorphism such that (l a − r b )(r) = ar − rb for any r ∈ R. A local ring R is called bleached is quasipolar. In this direction we can give the following theorem.
Theorem 3.1. Let R be a bleached local ring. The following are equivalent.
(1) R is uniquely bleached.
(2) T 3 (R) is quasipolar.
. Consider the following cases.
Case 3. a 11 ∈ U (R), a 22 , a 33 ∈ J(R). There exists a unique element e 21 ∈ R such that a 22 e 21 − e 21 a 11 = a 21 . Let E =     0 0 0 
and That is, XE = EX. Hence E ∈ comm 2 (A). 
and That is, XE = EX. Hence E ∈ comm 2 (A). An element a ∈ R is strongly rad clean provided that there exists an idempotent e ∈ R such that ae = ea and a − e ∈ U (R) and ea ∈ J(eRe). A ring R is strongly rad clean in case every element in R is strongly rad clean (cf. [8] ).
Due to the proof of Theorem 3.1, we have the following.
Corollary 3.2. Let R be a local ring. The following are equivalent.
(1) T 3 (R) is strongly rad clean.
(2) R is bleached.
Then L 3 (R) is a ring under the usual addition and multiplication, and so
is a subring of M 3 (R). Our next endeavor is to find conditions under which L 3 (R) is quasipolar. (1) R is uniquely bleached. Therefore it follows from Theorem 3.1.
Corollary 3.4. Let R be a bleached local ring. The following are equivalent.
(1) R is uniquely bleached. 
are all quasipolar. 
Matrices Over Power Series Rings
In this section, we characterize quasipolar matrices over the power series ring of a local ring. In order to prove Theorem 4.2, we need the following lemma.
Lemma 4.1. Let R be a commutative local ring and
The following are equivalent.
(1) χ A(0) has a root in J(R) and a root in U (R). 
] where µ 0 = µ and λ 0 = λ.
if the following equations are satisfied:
. . .
Since R is commutative local, there exists some b 1 ∈ R such that
Further, there exists some b 2 ∈ R such that 
Then χ A(0) = y 2 − µ(0)y − λ(0) has a root α(0) ∈ J(R) and a root (
] is local. To complete the proof we consider the following cases:
is quasipolar by [6 (2) ⇒ (1) is similar to the proof of (1) ⇒ (2).
, and let
Obviously, Z 4 is a commutative local ring. Since A(0) = 0 0 1 3 ,
Theorem 4.4. Let R be a commutative local ring and for m ≥ 1
(
Proof. The proof is similar to that of Theorem 4.2.
Obviously, Z 4 is a commutative local ring. Since Proof. Assume that R is uniquely bleached. Then l u − r j is an isomorphism for any j ∈ J(R) and u ∈ U (R) and let Hence T 3 (R) is quasipolar by Theorem 3.1.
